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Abstract. Building on ideas of Vatsal |23| . Cornut [5] proved a conjecture of 
Mazur asserting the generic nonvanishing of Heegner points on an elliptic curve 
E/Q as one ascends the anticyclotomic Zp-extension of a quadratic imaginary 
extension K/Q. In the present article Cornut's result is extended by replacing 
the elliptic curve E with the Galois cohomology of Deligne's 2-dimensional £- 
adic representation attached to a modular form of weight 2fc > 2, and replacing 
the family of Heegner points with an analogous family of special cohomology 
classes. 

0. Introduction 

0.1. Statement of the main result. Let / S S'2/£(ro(Af), C) be a normalized 
newform of weight 2k > 2 and level > 4. Fix a rational prime i and embcddings 
of algebraic closures Q"*^ ^ Qf, Q""' ^ C. Let $ C Qf be a finite extension of 
containing all Fourier coefficients of / and let Wf be the 2-dimensional <I> vector 
space with Gal(Q^'/Q)-action constructed by Deligne so that the geometric 
Frobenius of a prime q \ £N acts on Wf with characteristic polynomial — 
aq{f)X + q^^~^ . Let if be a quadratic imaginary field satisfying the Heegner 
hypothesis that all prime divisors of N are split iw K , fix a prime p \ N ■ disc (if), 
let HIp"] denote the ring class field of K of conductor p^ , set H[p°^] = Usii[p'*], 
and define Q = Gsi\{H[p°°]/ K). The torsion subgroup Gq C satisfies Q /Go = Zp. 
In §5.11 we define for every s > a subspace 

ReegM) C H\H[p%Wf{k)). 

This subspace is the higher weight analogue of the subspace generated by the Kum- 
mer images of Heegner points in the case fc = 1, in which case 

Wf{l)^Tae{Af)(E>Qi 

for A f the modular abelian variety attached to / by Eichler-Shimura theory. Such 
higher weight Heegner objects have been studied earlier by Brylinski [3], Nekovaf 
[lSl[TS], and Zhang |15], and our construction of Heeg3(/) follows Nekovaf 's [TB] 
construction very closely. The main result (Theorem 15. l.ip extends the results of 
Cornut [5] and Vatsal [23] from the case k = 1, and is as follows: 

Theorem A. Fix a character x '■ Gq and let 



E 

ceGa 



X{cr)cr e $[Go]. 



Suppose i \ p ■ N ■ >f{N) ■ disc(i4') • (2k — 2)! (tp is Euler's function). As s — >■ oo the 
^-dimension of TT^}ieegg{f) grows without bound. 
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Let X{N)/([j be the usual (geometrically disconnected) moduU space of general- 
ized elliptic curves over Q with full level N structure, and let V/q — >■ X{N)fq be 
the Kuga-Sato variety considered in [201 [21]. Thus V/q is a desingularization of the 
{2k — 2)-fold fiber product over X{N) /q of the universal generalized elliptic curve. 
By work of Scholl [21] , Deligne's ^-adic representation Wf occurs as a summand of 
H'^'^~^{V/iQ!ii, Qe). Combining this with the ^-adic Abel-Jacobi map of [17] yields a 
map [M §0.3] 

: CHg(V/f ) ^ H^HV/F,Qe{k)) ^ H\F,Wf{k)) 

for any number field F, where CHq denotes the Chow group of homologically trivial 
cycles of codimension k, modulo rational equivalence. Nekovaf [TB] |T7] shows that 
the image of 4'/ is contained in the Bloch-Kato Selmer group 

Sel(i^, Wf{k)) C H\F, Wfik)). 

Taking F — H[p''], the subspace Heegj,(/) lies in the image oi f. 

As in |23j we may write H[p°°] as the compositum of linearly disjoint (over K) 
fields F and Kao where F/K is tamely ramified at p with Galois group Gq, and 
Koo/K is the anticylotomic Zp-extension. By Theorem lAl (and under the hypothe- 
ses of that theorem), the dimension of the x-component of Se\{Q'^^ / H[p''],Wf{k)) 
grows without bound. This provides some evidence for the standard conjecture 
predicting that for each character x of Go 

(1) dim* 7r^SeliH[p%Wfik)) ^ ord.^kYlHf ^ K,x~^^,s) 

where the product is over all characters tp of Gal(i^oo/^) of conductor < and 
L{f (g) K, x~^il', s) is the twisted L-function defined as in [THl §0.5]. Indeed, the 
Heegner hypothesis and the functional equation force L{f (g) K,x~^tp,k) = for 
each such ip, and so the right hand is > p'^. One might hope to extend Kolyvagin's 
theory of Euler systems so as to prove that the left hand side is + 0(1). Work of 
Nekovaf [15] and of Bertolini and Darmon '2 give evidence that this is accessible. 

It is conjectured that the kernel of ^I'/ is independent of the choice of prime 
£. A proof would allow one to remove the undesirable hypothesis that £ p in 
Theorem|3 leading to higher weight generalizations of the Iwasawa theoretic results 
of [HHJ [18] . It seems difficult to adapt the methods of the present article to treat 
the (most interesting) case ( = p; instead that case is treated in the forthcoming 
work [9] using a completely different construction of Heegner cohomology classes 
in H^{H[p''],Wf{k)). The constructions and results of [51 hold only for £ — p and 
/ ordinary at p, but allow modular forms of odd weight (which seem inaccessible 
using the methods of the present article) . 

Zhang [25 has proved a higher weight form of the Gross-Zagier theorem relating 
the height pairings of certain Heegner cycles in CHg(V/H[i]) to the derivatives 
L'{f (g) K,x~^'4'ik) for characters ip of trivial conductor. The images of these 
Heegner cycles under 5*/ generate our Heego(/), and thus Theorem \X\ would yield 
nonvanishing results for L'{f (g K,x~^'4',k) if Zhang's formula were extended to 
ramified characters, and (harder) if one knew the nondegeneracy of the height 
pairing on the Chow group CHg(V). 

0.2. Notation and conventions. Throughout this article we use k, N, and M 
to denote positive integers with fc > 1, iV > 4, Af squarefree, and (M, A^) = 1. We 
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will be ultimately be concerned with the case M — 1, but must allow more general 
M for technical reasons {M will eventually be a divisor of disc(/'ir)). We frequently 
abbreviate N = NM. The letters £ and p denote rational primes with {ip, N) = 1. 
We allow £ — p unless stated otherwise (more precisely, we allow £ = p except in 
Sections [3] and [5]) . 

The letter A always denotes a Z^-algebra. If 5* is a scheme on which N is 
invertible we let yo(N)/5 (resp. Yi{N, M) ^g) be the coarse (resp. fine) moduli 
space of elliptic curves with ro(N) level structure (resp. ri{N, M) = ri(A^)nro(M) 
level structure). If M = 1 we omit it from the notation, and we sometimes omit 
S if it is clear from the context. For a congruence subgroup T C SL2(Z) we will 
sometimes refer to a pair (E', x) consisting of an elliptic curve E together with a 
r level structure x on E simply as a F structure. Set A ~ {"L/NT,)^ and let ip be 
Euler's function. 

1. Augmented elliptic curves 

Throughout 21 ^ = Z/mZ for some fixed i'-power m, and S — Spec(F) for F a 
perfect field of characteristic prime to £N with algebraic closure F^"^. 

1.1. Sheaves. If L/F is an algebraic extension, let tt^"'^ : i;""'^ >i(A^)/L be 
the universal elliptic curve, and define a locally constant constructible sheaf on 

(2) £A = Sym2'^-2(i?i7rr^A). 

The formation of this sheaf is compatible with base change in i, by the proper base 
change theorem. There are isomorphisms of etale sheaves on Yi{N) 

7-)l uiiiv TT /TT^univr 1 \ j-^univ f 1 

^ ^* Hm = Hom(^ [m\,iJ.J = E [m] 

where ^™'^[m] is the etale sheaf on Yi{N)/i^ associated to the group scheme 
i?""'^[m] and Hom is sheaf Hom. Taking symmetric powers, there is a canoni- 
cal isomorphism 

(3) £a (2fc - 2) ^ Sym''^-' (^""" [m] ) . 

If we let Y/i be a connected component of the open modular curve parameterizing 
elliptic curves over L with ri(A^) n F(m) level structure and fix a geometric point 
z — >• Yi{N)/i^, then the forgetful covering map Y/^ — >■ Yx{N)ii^ cuts out a quotient 
of the fundamental group tti — 7ri(Yi(A^)/^, z). The group of F/^-valued m-torsion 
points of the universal elliptic curve over Y/i^ is canonically isomorphic to A^ (via 
the universal T(rn) level structure), and the action of tti on this group identifies 
the aforementioned quotient with a subgroup of GL2(A) containing SL2(A). We 
thus obtain an action of tti on A^ and so also on Sym^'^~^A^. It is immediate 
from ([3]) that the locally constant sheaf associated to this action is isomorphic to 
C\{2k — 2). From the discussion following ^ §2 Lemma 2] we see that there is a 
perfect symmetric pairing of etale sheaves 

(4) CA{k - 1) (g) CAik - 1) A. 
For any etale sheaf J- on Yi(-/V)/l define 

(5) i?*(yi(iV)/i,^) =Image(i7:(yi(7V)/i, J-) ^ H* {Yi{N) ^l, J")) ■ 
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1.2. Augmentations. Let L/F he an algebraic extension and let F be any one 
of ro(A^), ro(N), ri(iV), or Ti{N,M). If E is an elliptic curve over L, define a 
Gal(i^''VL)-module 

Aa{E) ^ iSym^''~^E[m]){l - k) 
(where E[m] = E{F''^)[m]) and set Al{E) = y^A(£;)°''i(^'"/i). Note that Aa and 
are naturally covariant functors on the category of elliptic curves over L. The 
construction of Aa{E) depends on the embedding L ^ F^^, but that of A\{E) does 
not, in the sense that the A-modules defined by two different choices are canonically 
isomorphic. 

Definition 1.2.1. By a K-augmented T structure over an algebraic extension L/F 
we mean a triple (E', a;, 0) in which {E^ x) is an elliptic curve with F structure over 
L and e e Al{E). 

Two A-augmented F structures over L, {Eo,xq,Qq) and (i?i,xi,8i), are iso- 
morphic if there is an isomorphism (over L) of elliptic curves : £'o — >■ E'l such 
such that (/) identifies xq with and 0(Oo) = ©i- If (-E, x, 9) is a A-augmented F 
structure over F^"^ and ct is an automorphism of -F^', there is an evident notion of 
the conjugate A-augmcnted F structure {E^x^QY ~ {E'^ .x" ^Q'^). 

Definition 1.2.2. Given a A-augmented F structure {E,x,Q) over F'^' the field 
of moduli^ L, of {E, x, Q) is the extension of F characterized by the property that 
a G Gal(F''7-F') fixes L if and only if {E, x, is isomorphic (over F"^^) to {E, x, 9). 

Remark 1.2.3. We will often use (i?, C, 9) to denote a A-augmented Fo(N) struc- 
ture, and write C C C for the Fo(A^) structure obtained by forgetting the Fo(M) 
structure. 

If z e Yi{N, M) is a closed point we let iJ"'"^ be the puUback of the universal 
elliptic curve over Yi{N,M)/l to k(z). Define the module of K-augmented cycles 
onYi{N,M)/L 

Al{Y^{N,M)^L) = ^Al{Eri, 

z 

where the sum is over all closed points of Y\ {N, M) j-^ (note that A\{E^™^) means 
the points of ^a(£'™'^) defined over the field of definition of F™'^, k{z), not over 
L). For any set of closed points Z C Yi(Af, M)/^ define 

^l(Z;yi(7V,M)/i) 

in the same way, but with the sum restricted to z e Z. We also define 

(6) ^A(ri(7V,M))= ^A(i?), 

where the sum is over isomorphism classes of Fi(A'', M) structures over F^ . A 
A-augmented Fo(Af)-structure {E, x, 9) over F^' defines an element of the modular 
dni), denoted the same way, by taking the element 9 in the summand attached to 
{E,x) and in the other summands. The module AA{ri{N, M)) has a natural 
action of Ga.l{F'^^/L), and 

(7) Al{Y,iN,M)/L) - ^A(ri(7V,M))G-i(F-/L), 

Indeed, a closed point z e Yi{N,M)/l and a 9 G yl^l^""'^) determine a A- 
augmented Ti{N,M) structure (F^™^, x™'^, 9) over fc(z), where (F^"'^, a;^'^) is 
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the puUback to k{z) of the universal ri(iV, M) structure. Each embedding of L- 
algebras k{z) ^ F^^ then determines a A-augmented ri{N, M) structure over 
and summing over all embeddings k{z) ^ F^^ determines an element of the right 
hand side of Extending linearly over all z and 8 gives the desired map. The 
construction of the inverse is similar and easy. 

1.3. A higher weight Kummer map. In this subsection M = 1. Let L C i^^' be 
an algebraic extension of F. Fix a closed point z G Yi {N) and and write for the 
closed immersion Spec(/c(z)) Yi{N)/l. Denote by j : Yi{N)ip^\ ^ Xi{N)ip^i 
the usual compactification. 

Lemma 1.3.1. There are canonical isomorphisms 

Al{ETn=H''{z,i:CA{k~l))^Hl{Y,{N),L,C^{k)). 

Proof. The first isomorphism is induced by the isomorphism ([3]), and the second is 
a consequence of cohomological purity as in [13l Chapter VI §5]. □ 

Lemma 1.3.2. There is a canonical isomorphism 

H^{Xi{N)/L,3.CA{k)) = H\F-'/L,H\Yi{N)/F.^,CA{k)). 

Proof. One checks directly that Sym^'^^^A^ has no SL2(A)-invariants, and hence, 
by the discussion of i?°(Fi(iV)/^ai, £a) = 0. Using Poincare duality we see 
also that the group 

is trivial, and so 

(8) H'iXiiN)/p.,,j,CA) = 

for i 7^ 1. Thus the Hochschild-Serre spectral sequence and the identification 

(9) H'{Xi{N)/p.,,j,Ca) ^ H\Yi(N),p..,Ca) 

yield the desired isomorphism. □ 

Definition 1.3.3. Combining Lemmas II. 3. II and II. 3. 21 with the homomorphism 

Hl{Y^{N)/L.C!y(k)) ^ H\X^{N)/L.3,CA{k)) 

we obtain a map 

AliETn ^ H\F^'lL,H\Y,{N),p..,CAm) 

for each closed point z e Yi{N)/i^. This map extends linearly to define the A- 
augmented Kummer map 

AI{Y^{N),l) ^ H\F-' /L,H\Y^{N)/p.,,CA){k)). 

We now give an alternate definition of the A-augmented Kummer map. The 
proof of the equivalence of the two definitions requires only minor modification of 
[TTl Lemma 9.4] and is omitted. Given a closed point z e Yi[N) /i, let U = U jp^i 
be the open complement of z x ^ F^ in Xi(A^)/^ai. Excision and the relative 
cohomology sequence give the exact sequence 

(10) ^ H\X^{N)ip..,2,La) ^ H\U,3Xa) ^ h1^^p.\Y^{N),p.,,Ck) ^ 
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where the initial and terminating zeros are justified by cohomological purity and ([8|). 
respectively. Using Lemma fTXTl we may identify with the Gal(i^''7-^)- 

invariants of 

AAiEzn - i/2^^^.:(yi(iv)/^.i,/:A)(fc), 

and the connecting liomomorphism 

(11) AliEr'') ^ H\F^'/L,H\X^{N)/p..,M{k)) 

then agrees with Definition 11.3.31 using the identification of 

For L/F any algebraic extension, the group A acts on Yi{N, M) /i^ through 
the diamond automorphisms. There is a similar action of A on y^A(ri(iV, M)) 
commuting with the Gal(F''7L)-action, and so A also acts on A%{Yi{N, M)/^) by 
(HI), and on A\{Z ]Yi{N , M) j l) for any subset Z C Yi(iV,Af)/L stable under A. 
There is also a familiar action of A on the cohomology H^{Yi [N) /l, >Ca(j)) for any 
i and j, on compactly supported cohomology, and on the cohomology supported on 
Z for any closed set Z C Yi{N)/]^ stable under A. The action of A is compatible 
with the A-augmented Kummer map of Definition 11.3.31 

1.4. Augmented ro(A^) structures. Now fix a A-augmented ro(N) structure 
{E^ C, 9) over i^^' and suppose i is a finite extension of F containing the field of 
moduli of (£', C, <d). In particular L contains the field of moduli (in the usual sense) 
of the pair [E, C), and so determines a closed point y £ yo(N) with residue field 
L. Let Z C Yi{N,M)/L denote the set of closed points lying above y under the 
forgetful degeneracy map 

Fjv.M :n(A^,M)/i^yo(N)/i. 

Let Pi, . . . , Py(jv) be the generators of C (using the convention of Remark ll.2.3|) and 
let Xi be the ri(A^, M) structure on E determined by Pi and the ro(Af) structure 
underlying C. Define, using (O, 

V(N) 

(12) F*^,,,(i?,C,e)= Y,{E,x,,Q)€AI{Z-Y,{N,M),l)''. 

1=1 

Taking M — \ for the moment, we denote by 

(13) nL{E,C,Q) e H\F'''/L,H\Yi{N)/F.,,£A){k))^ 

the image of F^{E, C, 8) under the A-augmented Kummer map of Definition ll.3.31 
Allowing L to vary over all finite extensions of F containing the field of moduli of 
{E, C, Q), the formation of ^^{E, C, 8) is compatible with the restriction maps on 
Galois cohomology. 

1.5. Reduction and ramification. In this subsection we assume that M = 1 
and F is a finite extension of Qq for some prime q \ £N. Let F^' and F denote the 
residue fields of F^' and F, respectively, so that 

(14) I^A =' H\Yi{N)^f.,,Ca) = H\Yi{N)/y.,,CA) 

is an unramified Gal(F'^'/F)-module. Let {E, C, 8) be a A-augmented ro(A'') struc- 
ture over F^^, and assume that E has good reduction. The reduction of {E,C), 
a ro(iV)-structure over the field F**', is denoted (red(i?), red(C)), and we identify 
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£:(F^')[to] with red(i;)(F^OH as A-modules. This determines an isomorphism 
red : Aa{E) = ^A(red(i?)), and so we obtain a A-augmented To{N) structure 

red(£:,C,e) = (red(i;), red(C), red(e)) 

over F^'. If L C F^^ is a finite extension of F containing the field of moduH of 
{E, C, Q) then the residue field of L, L, contains the field of moduli of red(i?, C, Q), 
and so we may form 

17L(red(£:),red(C),red(e)) G H^W"^ /h,WA{k))'^ ■ 

Proposition 1.5.1. Suppose £ \ (p{N). In the notation above, flLiE,C,Q) is equal 
to the image o/ r2L(red(i?), red(C), red(0)) under the inflation map 

H\¥-'/L,WA{k)) = H\L''^'/L,WA{k)) ^ H\F-' / L,WA{k)), 

where L""'' C F^^ is the maximal unramified extension of L. 

Proof. It is clear from the definition that the construction 

{E,c,e)^F*^{E,c,e) 

is compatible with reduction, so the proof of the proposition amounts to verifying 
that the constructions of ^1.31 extend across integral models. Let Z C Yi{N)^]^ 
be as in ^ 31. 41 and suppose for the moment that every z E Z has residue field L. 
Denoting the integer ring of L by Ol, each z G YiiN)/]^ extends to a smooth section 
z : Spec(C'L) Xi{N) /o^ of the canonical integral model of Xi(A^) over O/,. Since 
i?™'^ has potentially good reduction, this section does not meet the cusps in the 
special fiber, and so factors through the affine subscheme Yi{N) jQ^. The sequence 
(jlOP extends across integral models over the integer ring of the maximal unramified 
extension of L, denoted i?, to give the middle row of the commutative diagram 

i/i(^/F-, J*/:a) H\U,r-.ui*CA) Hl^^.^,{Y,r.^,CA) 



H\X,r,3,Ca) H\U,R,]M HI^^{Y,j,,Ca) 

^ {X/p.. , jXa) ^ H\U,p.. , ],Ca) ^ ^l^^ai {Y,F^^ , Ca) ^ 

where we abbreviate X — Xi{N) and Y — Yi{N), and write U/ji for the comple- 
ment of z X R in X/jf. Lemma [1.3.11 implies that the rightmost vertical arrows 
are isomorphisms (the puUback of Ca to z x i? is constant, so its global sections 
can be computed in either geometric fiber). The vertical arrows on the left are 
isomorphisms, by ([9]) and the isomorphism of (IT4|) . By the five lemma the arrows 
in the middle column are isomorphisms as well, and from this it follows that the 
map (1111) is compatible with reduction. 

For the general case, choose a. z G Z and an embedding k{z) ^ F^^. Let L' be 
the image of this embedding. It is easily seen that L' does not depend on the point 
z or the choice of embedding, that L' / L is a Galois extension of degree dividing 
(p{N), and that every point in Z x ^ L' ^ Yi{N)/li has residue field L' . The 
proposition follows from the bijectivity of the restriction map 

H\F^^/L,WAik)) = H\F^^/L',WA{k)f^^^^'^^\ 
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and of the analogous map on the level of residue fields, together with the special 
case considered above. □ 

1.6. Degeneracy maps. Recall that M is squarefree. Given a divisor M' | M we 
define a degeneracy map 

aZ, : AA{ri{N,M)) ^ Aa{TAN,M')) 

as follows. Given a A-augmentcd ri(iV, M) structure {E,x,<d) over f we define 

aZ,{E,x,e) = {E,x',Q) 

where x' is the ri(A^, M') structure on E underlying x. Extend this A-linearly to 
a map on Aa{^i{N, M)). We also define a degeneracy map 

/3m' : Ak{T^{N,M)) ^ Ak{Ti{N,M')) 

as follows. Given a A-augmcntcd ri(A^, A^) structure 0) over F''^ let P and 

D be the ri(A^) and Tq{M) structures underlying x. Let Dq d D he the subgroup 
of order M/M', let E' = E/Dq, and let P' and D' be the images of P and D under 
E E'. Let e' be the image of 6 under Aa{E) Aa{E'). Write x' for the 
Ti{N,M') structure {P',D') on E' . Now define 

l3§,{E,x,e) = {E',x',&) 

and again extend linearly. The maps aj^, and /3j[f/ respect the Gal(F^'/F) action, 
and so induce maps 

«M',^M' : ^°a{Yi{N,M)^l) ^ AI{Y^{N,M')^l) 
for any algebraic extension L/F. 

2. Families of augmented CM points 

Lot A = TLjmTL for an i?-powcr m. Fix a quadratic imaginary field K C Q^', 
assume that all prime divisors of N are split in K, and fix an ideal 0^ C Ok such 
that Ok/^ — 'Z/N'Z. Fix an elliptic curve Ei over Q*^' with complex multiplication 
by the maximal order Ok (there are 7^Pic(C'^) such curves). Let j : Ok ^ 
EndQai(i?i) be normalized so that puUback by j{a) acts as multiplication by a on 
the cotangent space of Ei (C) for every a G K. Set Ci = Ei [0^] , a cyclic subgroup 
of order N. 

Definition 2.0.1. An element c G GL2(Qp) is cyclic if (c~^Zp) contains with 
cyclic quotient. The degree of a cyclic c is 

deg(c) = [c-^Zl : Zl] = p°'^M<iet(c)) ^ 

2.1. A parametrized family of Heegner points. A choice of isomorphism of 
Zp-modules Ta,p{Ei) = Z^ (which we now fix) determines a family of elliptic curves 
over Q*^' parametrized by 

r = Q;GL2(Zp)\GL2(Qp) 

as follows. For each cyclic subgroup X C = (Qp/Zp)^ there is a cyclic 

Cx € GL2(Qp) such that X = (c^^Zp)/Zp. The assignment X i-^ cx establishes 
a bijection between the set of such subgroups and the cyclic elements of GL2(Qp), 
modulo left multiplication by GL2(Zp). Wc denote the inverse by c n- Xc. The 
projection map GL2(Zp)\GL2(Qp) — )■ T establishes a bijection between the left 
GL2(Zp)-orbits of cyclic elements and the set T. To each g G T we then define 
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Xg C i?i[p°°] to be Xc for any cyclic c G GL2(Qp) lifting g, and define a cyclic 
p-power isogeny 

fg-Ei^Eg= Ei/Xg 

of degree deg(c). Define the degree of g by deg{g) — deg(c) = deg(/g). The elliptic 
curve Eg over Q''' inherits a ro(iV) structure Cg = fg{Ci) = Eg[^n Og], where 
Og C Ok is the largest order which leaves the subgroup Xg C Ei [p°°] stable. The 
conductor of Og is a power of p. 

For each 5 e T let Hg be the ring class field of Og, thus Hg/K is Galois with 
Galois group canonically identified with Pic(C'g). The Weil pairing on Ei[m] pro- 
vides a canonical (up to ±1) isomorphism between (Sym^£^i[m])(— 1) and the trace- 
less A- module endomorphisms of Ei [m] . In particular there is a canonical (up to 
sign) element i9i G (Sym^£^i [m])(— 1) corresponding to ^/D G EndQai(_Ei). Let 
01 G ^a(-E'i) be the image of 'd'^^'^ under the natural projection 

Sym''-^{{Sym'^Ei[m]){~l)) (Sym^''-^ Ei[m]){l ~ k), 

and define Qg = fgiOi) G AA{Eg). The data K, Ei, 91, and Tsip{Ei) ^ thus 
determine a family g i-> {Eg,Cg,Qg) of A-augmented ro(A^) structures over Q^^ 
parametrized by T- This data is to remain fixed throughout the remainder of the 
article. Define a Gal(Q'*V-^)"niodule 

(15) Wa = #1(Yi(7V)/q..,/:a). 

Using the theory of complex multiplication it is easily seen that the field of moduli 
of {Eg,Cg,Qg) IS Hg, aud so the construction (fT3|) yields a family of cohomology 
classes parametrized hy g £ T 

(16) g^n„^iEg,Cg,Qg) G i/ ^ (Q^ i/g , W^A ( fc ) ) ^ . 

Let H[p''] denote the ring class field of conductor oi K. For each s > define 
7^ C T to be the subset consisting of all g such that Hg C H[p'']. For g £ Ts we let 

(17) n,{g) = nH[p.]{Eg,Cg,eg) G H\Q-'/H[p'],WA{k))^ 
be the restriction of the cohomology class of ([T5|) to G a.\{<Q^^ / H[p'']). 

2.2. Level M structure. Suppose that the integer M of ij0.2l is a divisor of disc(iir) 
and let 9JT be the unique Oi<--ideal of norm M. Although we assumed in !j2.1l that 
all prime divisors of N are split in K, the constructions of ^ ^2. II work equally well 
with N replaced by N = NM and 91 replaced by 9l9Jt. This has the effect of 
endowing each {Eg,Cg) with the extra ro(N) structure Cg = Eg[VtDJlr\ Og], so 
that g I— >• {Eg, Cg, Og) is a parametrized family of A-augmented ro(N) structures. 

3. Reduction of the family 

In this section we prove Theorem I3.4.3[ which is our analogue of [5, Theorem 
3.1]. Suppose £ ^ p and take M to be a divisor of disc(ii') as in ^2.2\ Assume 
£ I ip{N) and £ > 2k — 2. Let A be a finite quotient of . Let £} be a finite set 
of rational primes inert in K, all prime to £p'N. For each g G £}, let q denote the 
prime of K above q and fix an extension of q to a place of Q^'. We will abusively 
use £} to refer to the set of rational primes, the set of primes of K above them, and 
also the set of chosen places of Q''^ Let F^^ and Fq denote the residue fields of Q*' 
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and K at q £ £}, respectively, so that Fq has 9^ elements and F^' is algebraically 
closed. For each q e let 

^o(N)q C yo(N)/F, Z,{N,M), C ri(7V,M)/F, 

denote the subsets of supersingular points. The points of Zo(N)q all have residue 
field Fq, but this need not be true of Zi{N, A/)q. 

Definition 3.0.1. A subset S C Ga\{Q^^ / K) is chaotic if for any distinct cr, r e 5, 
the restriction of ctt^^ to Gal(i7[p°°]/X) is not the Artin symbol of any idele with 
trivial p-componcnt. 

3.1. Simultaneous reduction. As Ei has complex multiplication, any model of 
El over a number field has everywhere potentially good reduction. Fix a finite 
Galois extension Fi/K over which Ei has a model with good reduction at every 
prime above every rational prime g € Q, and fix such a model. All endomorphisms 
of El are defined over Fi, and hence so is the subgroup Ci = i?i[^Tl9n]. For each 
g e T let Eg be a finite extension of Ei, Galois over K, over which the subgroup 
Xg is defined. We may then view Eg, Cg, and the isogeny fg all as being defined 
over Eg. Fixing these choices, we may reduce everything at Wq to obtain a family 
of A-augmented ro(N) structures over F^' 

redq(£;g,Cg,eg) = (redq(£;g), redq(Cg), redq(eg)). 

We also denote by redq(/g) the reduction of the isogeny fg. Given an clement 
a € Gal(Q^'/iC) we may also form 

(18) redq(i?g^C^,eg-) = (redq(£;;),redq(Cp,redq(e^)) 
and 

redq(/;) :redq(£;n^redq(i?g-). 

To emphasize, we regard these as A-augmented ro(N) structures over F^\ regardless 
of the residue field of Eg at q. The field of moduli of (|18p is Fq; a fact (Lemma 
ll.l.ip whose proof we postpone until the next section. Abbreviate 

(19) Z,iM) = Al{Zi{N,M),;YiiN,M)/rJ^. 

Let A[T] denote the free A-module on the set T. For each a g Ga\{Q^^ / K) and 
each q e define the reduction map Red^.q : A[T] — > Zq(M) by taking L = Fq in 
(fT2|) and linearly extending 

Red,,q(5) = F;;.,,,(redq(i?;),redq(C-),redq(e^)). 

For any subset S C Gal((!2^'/if ) define the simultaneous reduction map 

(20) Red5.a:A[7l^ Zq(M) 

(cr,q)e5xa 

by linearly extending Red5,£)((7) — ffiCT,qRedcr,q(5). The reader may wish to skip 
directly to Theorem 13.4.31 the main result of 331 
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3.2. Reduction at q. Fix a q e 0. Define S = End][rai(redq(£^i)) and B S(^Q so 
that i? is a quaternion algebra ramified exactly at q and oo, and 5 is a maximal order 
in B. Let R C S he the subring of endomorphisms which leave redq(Ci) stable, 
so that i? is a level N-Eichler order in B. The embedding j : Ok — > Endi?^(£'i) 
determines an embedding which we again denote by j 

j ■.K = EndFi(£;i) «) Q EndFai(redq(i;i)) ®Q^B, 

with jiOx) C R. For any rational prime r and any Z (resp. Q) algebra A, set 
Ar = A®i Zr (resp. Ar — A ig)Q Qj.)- Let B be the restricted topological product 
Or with respect to the local orders Rr C Br, and define K,R, . . . similarly. The 
embedding j induces embeddings K ^ B and Kr ^ Br at every r. We denote all 
of these again by j. 

Recall that we have fixed an isomorphism of Zp-modules Tap(£'i) = Zp. As the 
p-adic Tate modules of Ei and redq(£^i) are canonically identified as Zp-modules 
(and Rp C Bp is a maximal order), this induces isomorphisms 

(21) Rp^RhiZp) Bp = Ah{Qp). 

We henceforth identify Rp = GL2(Zp) and Bp = GL2(Qp) using these isomor- 
phisms, and in particular identify T with <Qp Rp\Bp . This gives a right action of 
Bp (and hence also of i?^) on T. The group Rf acts on Ta^ (redq (i?i)) on the left, 
almost by definition, and we denote by pq the action of R^ on ylA(redq(£'i)) ob- 
tained by taking symmetric powers, with the understanding that R^ acts trivially 
on the twist A(l — k). Writing det for the reduced norm on B^ , B^ , and so on, 
we also define Pq = Pq <8) det"'^"'^, and note that the center Z^ C B^ acts trivially 
under p*. The group Fq = R[l/p]^ acts on ^A(rcdq (i?i)) through pq or p* by the 
inclusion Fq ^ R^ . 

Fix a (T G Ga\{Q^^ / K) whose restriction to K^^ (the maximal abelian extension 
of K) is equal to the Artin symbol of a finite idele a £ . Let 6o-.q G i?^ be such 
that the r-component of j{a)ba,q lies in i?^ for all primes r ^ p, and let aa,a^ £ R^ 
and /3cr,q G Bp be the £ and p components, respectively, of j((T)&cr.q £ B^ ■ 

Proposition 3.2.1. Fix g,h £ T- There is a 7 € Fq such that gf3a.c\ = E T, if 
and only if there is an isomorphism o/Fo(N) structures oi;er F^' 

0:redq(£;;,C^)-redq(S;„C;,). 

// these equivalent conditions hold then (j) may be chosen so that 

(/.(redq(ep) = ^i-'M ■ redq(/,)(pq(7a-i)redq(ei)), 

where ojcyc is the l-adic cyclotomic character and 7 G Fq has the property that 
there are cyclic (in the sense of DeHnition lKITl]) lifts c{g),c{h) G Bp of g and h 
satisfying c[g)(i„^t^ = c{h)j in R^\B^ . 

Proof. For any g £ T there is an isomorphism of Fo(N) structures over F^' 

(22) redq(i?,^C^) - redq(i?,^„ , Cg^„ J. 

This is exactly the calculation performed in jS] §3.3]. On the other hand, by the 
parametrization of Zo(N)q given in [51 §2.3] there is an isomorphism 

(23) redq(i?g^^,,,Cg^„,J - redq(i?,,C,) 
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if and only if (7/3o-,q and h lie in the same orbit under the right action of Fq on T. This 
proves the first claim. The proof of the second claim follows from an examination 
of the isomorphisms (1^^ and (1^51) . and we give a sketch. The isomorphisms 
and (|23)) . disregarding the ro(N) structure, arise from isomorphisms (again, see [5l 
§3.3]) 

(24) redq(£;;) - RomniR ■ c{g)jia),ved,{Ei)) 

(25) red^iEh) - Hom^Xi? • cih),Ted^{Ei)) 

of functors on F^'-schemes, where Hom/j means homomorphisms of left i?-modules, 
and c{g) and c{h) are viewed as elements oi with trivial components away from 
p. The map x i~> xb„ ^^^^ . induces an isomorphism of left i?-submodules of B 

R ■ c{g)m ^ R ■ c{g)j{a)b,^^ = R ■ c{g)P^,^ = R ■ c{h)-, ^ R ■ c{h) 
and so identifies redq(£'g ) = redq(£';i) and 

(26) Homfl,(i?, •i(a),,Ta,(redq(i;i)) ^ Homfi,(i?,, Ta,(redq(£;i)) 

By the main theorem of complex multiplication, the isomorphism (|24|) may be 
chosen so that the induced isomorphism 

Ta,(Si) ^ TsieiEg) A Tae{E^g) ^ Homfl,(i?, • j(^),, Ta,(redq(£;i)) 

takes t G Tag{Ei) = Ta£(redq(i?i)) to the i?^-linear map determined by j{(j)e t- 
The isomorphism ([25]) takes i— > i to aa,qj^^ i— ^ t. Under this latter map 
corresponds to redq(/h)(7aCT,qi) G Ta£(redq(i?;i)) This shows that the composition 

Ta,(£;i) ^ Ta^Sg) ^ Ta,(£;^) - Ta,(redq(S;)) - Ta,(redq (^„)) 

is given by 1 1— >■ redq(/;i)(7a~Jjt). The proposition now follows by taking symmetric 
powers and twisting by A(l — fc). □ 

Corollary 3.2.2. Let a and f5a,q be as in Proposition \3.2.T[ For each h Cz T there 
is a vjcr,q,h G -4a (redq (i?i )) with the property that for any g G /iFq/?"^ C T there 



exists an isomorphism of A- augmented ToiN) structures over ¥[ 



(27) redq(i^g^C^,deg(g)l-'^ • 9^) - (redq(i?„),rcdq(C,),redq(/,)(p;(7)n7..q,h)) 
where 7 £ Fq is any element with gPa.q = /J7 in T ■ 

Proof. Suppose we have an equality g = hjj3~]^ in T with 5, ft, e T and 7 e Fq. Fix 
cyclic lifts c{g) and c{h) of g and h, respectively, to B^ , and choose 70 G -f-Z[l/p]^ 
so that c{g)f3a,q = c{h)^Q in Rp\Bp . Using Proposition 13.2.1] and the fact that 
Pqilo) = Pq(7)i one checks directly that ((?f)) holds with 

^37^,q,h = (^deg(5)a;cyc(cr)det(7o )det(Q;^,q)j p*(a„^^)redq(e). 

As deg(g) det(7o)^^ — deg{h)p^°'-''^p'^'^^'-'^''-i^ depends on h but not on g, the same 
is true of zua.q.h- n 
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3.3. Vatsal's lemma. Fix a subset S C Gal(Q^'/if). For each q G and each 
cr G 5 let /3a-, d G Bp be as in Proposition 13 . 2 . l1 The quaternion algebra B depends 
on q, but using the isomorphisms of ([2T|) we identify Bp = GL2(Qp) and view both 
/?CT,q and Fq as living in GL2(Qp) under this identification. 

Lemma 3.3.1. For each q G £3 there is a finite index subgroup F* C Fq containing 
Z[l/p]^ such that det(F*) = and the restriction of p* to F* is trivial. 

Proof. Define a subgroup U ^ Yi^r B^ by 

r Ker(p* : Rf Aut(y^A(redq(£;i)))) if r = ^ 
Ur= I B^ if r = p 

[ else 

and let F* = B ^ n C/ C B ^ . Then F* C Fq is exactly the kernel of p* restricted 
to Fq. We must show that F* contains an element of norm p. By ^24, Theoreme 
in. 4.1] there is a 6o € B^ of norm p. Let x = (xr) G J7 be an element of norm 
p G Q^. By strong approximation 241 Theoreme in.4.3] the norm one element 
bg^x G B^ may be written in the form biyu = bQ^x for some norm one elements 
bi E , y G Bp , and u G U. Then bghi has norm p and is contained in F*. □ 

Proposition 3.3.2. For each q E Q let F* be as in Lemma \3.3.1l and for each 
((7, q) G iS X set 

F;^==/3.,qF;/3-JcGL2(Qp). 
If S is chaotic then the quotient map T — )■ Y[{a q)eSxQ T /^a q surjective. 

Proof. Let f * ^ be the image of F* ^ in PGL2(Qp) and let f ^'^q the intersection of 
f * q with PSL2(<!2p). Then f ^'q is discrete and cocompact by [24l p. 104], and these 
subgroups are pairwise non-commensurable as (cr, q) varies by |5', Proposition 3.7]. 
By Vatsal's application of a theorem of Ratner (see [5j Proposition 3.11] or [23} 
Lemma 5.10]), the natural map 

PSL2(Qp) ^ n PSL2(Zp)\PSL2(Qj,)/f;;; 

(cr,q)G5xQ 

is surjective, and the proposition follows as in |5^, Proposition 3.4]. □ 

3.4. Surjectivity of the reduction map. Assume S C Gal(Q^'/if) is finite and 
chaotic. 

Proposition 3.4.1. Fix (o-',q') G 5 x 0, 70,71 G Fq, and h € T. There exist 
<?0i5i G T such that 

deg(<?o)'"'Red5,Q(<?o)-deg(5i)i-'=Red5,Q(<?i)G Zq(M) 

((T,q)e5xQ 

has trivial components except at the summand (cr, q) — {a',c['), at which the com- 
ponent is equal to 

Fn.m (redq {Eh), redq (C/^) , redq (A) (p* (7o)ct7rT,q,h - Pq (7i)^<T,q,/i) ) , 

where tUa-^q^h G ^A(i'edq(i?i)) is the element of Corollary \3. 2. 2\ . 
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q 



Proof. For each i e {0, 1} Proposition 13.3.21 allows us to choose a gi such that 
the reduction map T T /V^ q takes 

r /i7./5^;r;,q = /»7.r*/3-i if (a, q) = (a', q') 
^ \ hp~}^Tl^ - hT;p-}^ if (a, q) ^ (a', q') 

for every (cr, q) G 5 x 0. By Corollary 13 . 2 .21 we have 

red, {E-^ , C- , deg(go)^-'=e- ) - red, (E^^ , C^^^ , deg(5i)'-'=e^^ ) 

as a A-augmented ro(N) structure over F,' whenever (cr, q) 7^ {a' , q'), while 

red,(i?;^,C^^,deg(5,)'"'e^J = (red,(i?^),red,(C,.),redq(A)(p;(7^)t^..q./.)) 

if ((T, q) = ((T',q'). The proposition is now immediate from the definition (f20|) of 
Red^^Q. □ 

Lemma 3.4.2. Fix q £ £} and suppose A = TLjlTL. Then Ah(jG(i^{E\)) has no 
proper, nonzero A-submodules which are stable under p*(Tcf). 

Proof. Fix a Z^-basis for the ^-adic Tate module of redq(ii^i), so that Rg is identified 
with G\j2{^i). Let and i?^'^ denote the norm one elements of Fq and i?^, 
respectively. Then ^A(i"edq(i5i)) is identified with Sym^'^'^A^ and the action of p 
restricted to Fq is through 

T\ ^ ^ SL2(Z,) ^ SL2(A). 

Using strong approximation Theoreme in.4.3] one may show that the first 
arrow has dense image, and so the composition is surjective. By the assumption 
£ > 2fc-2, Sym^'^-^A^ has no proper, nonzero submodules stable under the action 
ofSL2(A). □ 

Theorem 3.4.3. Let S C Gal{<Q^^ / K) he finite and chaotic, and suppose A = 
'L/l'L. Then the simultaneous reduction map \2Cffl is surjective. 

Proof. Fix (cr',q') g 5 x and a supersingular point z e Zo(N)q/. Let Z C 
Zi{N, M)q/ be the set of closed points lying above z. We will show that the image 
of (PO)) contains the submodule 

(28) Al{Z;Y,{N,M)/v,J^ C Al{Z,{N, M),;Y^{N, M) /^J^ 

((T,q)e5xQ 

supported in the (a',q') component. The parametrization ^5^ §2.3] shows that the 
map T 1-^ Zo(N)q/ defined by ft, i-> redq'(i?h, C/j) establishes a bijection T/Fq' = 
■^o(N)q'. Thus we may fix an ft, e T such that the supersingular Fo(N) structure 
Tedq>{Eh, Cfi) corresponds to the point z. For any g €T, redq'(9g') 7^ (from the 
construction one sees that 9i 7^ 0, and £ ^ p implies that fg : Aa{Ei) AA{Eg) 
is an isomorphism). It follows that zuc'.q'.h 7^ 0. By Lemma [3.4.21 we may choose a 
7i G Tq' such that 

Pq'(7l)^^<T',q'Ji - T^a'.q'M G y4,A(redq' (£^1)) 

is nonzero. Again by Lemma [3.4.21 choose 7*^°-', . . . , 7*^") e Fq' such that the el- 
ements Pq, (7(*))7r, < i < n, generate AAiredq'{Ei)). Set 7q'' = 7^*^71 and let 
9o^ , gi be as in Proposition 13.4.11 so that 

deg(5^'V-'Red5,Q(g^'^) - deg(gi)i-'=Red5,o(5i) 
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has trivial components except at the summand (cr, q) — (ct', q'), where the compo- 
nent is equal to 



Let g I N be a rational prime and let F F when we refer to the notions of 
21) be a field of elements with algebraic closure F'^^ Unless specified otherwise, 
all geometric objects (e.g. Y\{N), Fi(iV, M),. . . ) are defined over Spec(F). Let 
A — "L/lli for some prime t and assume that £ does not divide Nq. Let £a be the 
locally constant constructible sheaf on Yi{N) defined by Denote by 



the subsets of supersingular closed points. 

4.1. Fields of moduli. We need a slight generalization of the well-known theorem 
of Deuring that all supersingular points on Yf){N) have residue degree one. 

Lemma 4.1.1. Let E he a supersingular elliptic curve over F**', let C C E[N] be a 
cyclic subgroup of order N , and let Q be any element of Aa{E). The field of moduli 
of the A-augmented Tq{N) structure (E, C, Q) is F. 

Proof. As E is supersingular, its j-invariant lies in F. Let A be an elliptic curve 
over F with the same j-invariant as E, and let Fr G EndF(A) be the degree 
(relative) Frobenius. If Fr e Z, then Fr commutes with all elements of EndFai(A), 
and so 



If Fr ^ Z then Fr generates a quadratic imaginary subfield L of the definite quater- 
nion algebra (ramified exactly at q and oo) Endj'ai(j4)®Q, and q is nonsplit in L. As 
Fr has degree q^ we must have Fr = (^~^q for some root of unity G L, and in fact C, 
belongs to Lr\Endr{A) (this follows from the fact [TH Corollary 12.3.5] that Fr and 
[q] have the same scheme-theoretic kernel, and so there is a factorization [q] ~ C° Fr 
for some automorphism ^ of A). Replacing A by its twisted form corresponding to 
the cocycle sending the relative Frobenius a S Gal(F^YF) to C e AutF(-E), a simple 
calculation shows that ([50)1 holds. Then Fr is a central element of Endj-i,i(A), and 
so Fr — [±q] . 

With this choice of A, Gal(F''7lF) acts trivially on Aa{A) and the triple {A, Ca,Qa) 
is defined over F for any cyclic order N subgroup Ca C A(F^') and any Qa G 
^a(^)- Over F**' we may fix an isomorphism f : E ^ A and set Ca = f{C) and 
8^ = /(6). Then {E, C, Q) and {A, Ca-, Ba) are isomorphic (over F""') and so have 
the same field of moduli F. □ 

4.2. Ihara's theorem. We now recall a theorem of Ihara [TU] and derive some 
consequences; our exposition of Ihara's theorem is influenced by the discussion of 
[U Chaptire 7] . For each integer m prime to q set 




4. Augmented theorems of Deuring, Ihara, and Ribet 



Zi{N)cYi{N) 



Zi{N,M) C Yi(iV,Af) 



(30) 



EndF(A) = Endi-ai(A). 



/i* = Spcc(F[A]/<l>„(A)) 



a = Spec(F[A]/(A 



m 



1)), 
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where ^m{X) is the m*^ cyclotomic polynomial. Let Y{m) be the affine modular 
curve classifying "naive" level m structures in the sense of [12] on elliptic curves 
over F-schemes. Thus ^(to) is a fine moduli space if to > 2, and for all to (prime 
to q) the Weil pairing provides a canonical map ^(to) — )■ /i^ of F-schemes. Fix a 
topological generator 

(m.g) — 1 (m.q) — 1 

For each to there is a map Spec(F[Cm]) — )• /^*^ determined by the map X i~> (m on 
F-algebras. Define 

Y^im) = Y{m) x^^ Spec(F[C™]), 

a smooth curve over F (geometrically disconnected unless to | — 1). 
The subgroup G<^(to) C G(to) = GL2(Z/toZ)/{±1} defined by 

Gc(to) = {A e G(to) I det{A) e 9™ ^ (Z/toZ)''} 

acts on both ^^(to) and Spec(F[Cm]), and the actions are compatible with the 
structure map Yi^im) Spcc(F[C™]). Set G^{m) = PSL(Z/toZ), let 

ro(m) = |(^* ;)}cG(to) ri(TO)^|(^J l)}cro(TO) 

be the habitual congruence subgroups, and let rih(TO) C G{m) be the center. For 
* e {0, 1, Ih} let Y^,{m) be the quotient of F^(to) by the action of 

T^{m)nG^im). 

The function field of the curve Yih(TO) is the field denoted in [10], and there is 
a canonical isomorphism of curves over F^' . 

Yihim) Xspcc(F) Spec(F^^) ^ Y(;{m) Xspec(F[C™]) Spec(F^'). 

Denote by if* (to) the function field of F*(to) for * G {0, l,C,Ih} or for * equal to 
the empty character, and view these as subfields of some fixed separable closure 
K{iy^^. Define a A-vector space La — Sym^'^~^A^ and endow La with an action 
of Gal(if(l)"'=P/i4:(l)) via 

Gal(if (l)^°P/if(l)) ^ Gal(X^(£)/X(l)) = Gc{£) c GL2(A)/{±1}. 

Remark 4.2.1. If the action of GL2(A) on La is twisted by det, then the Galois 
action is twisted by the cyclotomic character. In particular rih(-^) acts trivially on 
La (g) det^"*" , and so the Galois action on La(1 — k) factors through 

Gal(if(l)^'=P/if(l)) ^ Gal(Xih(^)/if(l)). 

Under the bijection between locally constant etale sheaves on Yi{N) and modules 
for the absolute Galois group of Ki{N) which are unramified outside of the cusps, 
£\{2k — 2) corresponds to La. 

Definition 4.2.2. If AI /K{1) is a separable extension, a cusp of M is a place lying 
above the place J = 00 of K(l). A supersingular prime of M is a place lying above 
a place J — j oi K{\) with j G F a supersingular j-invariant. 

Theorem 4.2.3. (Ihara) For any to > 1 with {m,q) = I, KiYi{m) has no non- 
trivial everywhere unramified extensions in which all supersingular primes are split 
completely. Furthermore, -fCih(oo) = U(^r,q)=iKih{'f') is the maximal Galois exten- 
sion of Kill (to) satisfying 
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(a) it is tamely ramified, and unramified outside the cusps of Kih_{m), 

(b) the supersingular primes of Kih{ni) are split completely in Kih{oo). 

Proof. This is the main resuh of [10 . □ 

Corollary 4.2.4. Let Mih{N) D A'ih(oo) be the maximal separable extension of 
Kih{N) unramified away from the cusps. The restriction map on Galois cohomology 

(31) i/i(Mih(A^)/i^ih(^),iA(l - k)) ^ 

(^0ffi(i^ih(iv).,LA(i-fc))^ (^0i/i(ifih(^)r,iA(i-fc))^ 

is injective. Here the sum over v is over all supersingular primes, the sum over w 
is over all cusps, and the superscript unr denotes maximal unramified extension. 

Proof. First consider the restriction map (note Remark 14 .2. II) 

(32) H\Mii,{N)/Ki,,{Ne),LA{l - k)) ^ Hom(i/„, La(1 - k)) 

V 

where the sum is over ah supersingular primes and all cusps, and C Gal(Afih(A^) / Kii^{N)) 
is either the decomposition group or inertia group of a fixed place of Mii^{N) 
above v, according as v is supersingular or a cusp. Any homomorphism from 
Gal(Mih(iV)/i^ih(-^^)) to La(1 — k) which vanishes on all factors through 
Gal{^/ Kni{N£)) where $ is the maximal Galois extension of Ki\i{N£) which is 
everywhere unramified and in which all supersingular primes split completely. By 
Theorem 14.2.31 $ = Ki\i{N£), and so the map ([5^ is injective. Thus any class in 
the kernel of (1311) also lies in the kernel of restriction 



H\Mii,{N)/Kih{N),LA{l - k)) ^ H\Miy,{N)/Kii,{Nl),LA{l ~ k)), 
and so is in the image of the inflation map 

(33) H\Kii,{Ne)/Ki,,{N),LA{l - k)) ^ H\Mi^{N) / Kn,{N),LA{l - k)) 

and is unramified at the cusps. The inertia subgroup in Ga\{Ki\i{N f) / Kih{N)) of 
the cusp Qo is an £-Sylow subgroup (this follows from [10[ p. 167]), and so any 
element in the image of p3p which is unramified at the cusps is trivial by |22l 
Theorem IX.2.4]. □ 

Proposition 4.2.5. Let j : Yi{N) ^ Xi{N) be the usual compactification and 
assume £ \ f{N). The natural map 

(34) iJ|^(^)(yi(iV),/:A(fc))^ ^ H\X^iN),jMk))'^ 
is surjective. 

Proof. Let i : Ci{N) ^ Xi{N) denote the subscheme of cusps, i.e. the complement 
of YiiN) in Xi{N). From the exact sequence of sheaves on Xi{N) 

j]C\ j*CA i*i*j*CA 

and [13l Proposition II. 2. 3] we obtain the exact sequence 

H\CiiN),i*j,CA{k)) ^ H^iYi{N),CA{k)) ^ H^{Xi{N),j,CAik)) ^ 
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in which the terminating zero is justified by the observation that closed points on 
Xi{N), having finite residue field, have cohomological dimension 1. It therefore 
sufiices to prove the surjectivity of 

(35) Hl^^^{Y,{N),CAm^ ® H\Ci{N),i*j,CAm^ ^ H^ciyiiN)XA{k))''. 

We take A-duals and translate the problem into the language of Galois cohomology. 

Let Mi{N) denote the maximal extension of -ftri(iV) unramified outside the cusps. 
By [m Corollary 11.4.13(c)] there is an isomorphism 

H^{Yi{N),£A{k)) - H\Ah{N)/Ki{N),LA{l - k)^ 

in which the superscript V denotes A-dual. If we let U denote the open complement 
of Zi{N) in Yi{N) then the pairing of !l4j Corollary II. 3. 3] identifies the exact 
sequence [HI Proposition 11.2.3(d)] 

z<=Zi{N) 

with the dual of the relative cohomology sequence 

7j3-(f/,/:A(fc)) ^ H^-^Yi{N),CA{k)) ^ Hl-l^^{Y,{N)XA{k)). 
This gives the first isomorphism of 

Hl^^J,){Y^{N),Cf.{k)Y = H\z,zlCf.{k-l)) 

zeZi(N) 

= 0i/i(i^„//,,LA(l-fc)), 

V 

in which the second sum is over all supersingular primes and 1^ C are the inertia 
and decomposition subgroups in Ge\{Mi{N) / Ki{N)) of some choice of place above 
V. Finally local duality gives the second isomorphism of 

H\Ci{N),i*j,CA{k)Y - ^H\D^/I^,LA{2-kY-Y 

W 

- ^H\l^,Lf,{l-k)Y-^'- 



where both sums are over all cusps. Thus the cokernel of ((35|) is isomorphic to the 
kernel of 

(36) H\MYN)IKYN),La{1 - k)Y ^ 

(^0iji(ifi(7v).,LA(i-fc))^ (^0i/i(ifi(iv)r,iA(i-fc))^ 

where again the w's range over supersingular primes and the w range over cusps. 

As we assume that £ is prime to <p(A^), the inflation- restriction sequence identifies 
the kernel of (l36l) with the kernel of 



{37)H\MYN)/Ko{N),La{1 - k)) ^ 

(0 h\k,{ny,La{i - fc)) ) (0 h\k,{ny:'\ La(1 - k)) 
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The fields Ki{N) and Ki]^{N) have a common extension which is unramified outside 
the cusps (namely Kq{N)) and so Mi{N) = Mi\i{N). We may therefore consider 
the restriction map 

H\Mi{N)/Ko{N),L^{l - k)) ^ i/i(A/ih(A^)/ifih(^),iA(l - k)), 

which is injective as Ki}i{N) and Ki\i{£) are linearly disjoint over K{1), so that 
La(1 - k) has no GaliKllf'P / Km{N)) invariants. The kernel of dST]) therefore 
injects into the kernel of (|3ip . which is trivial by CoroUarv 14.2.41 Thus (|36| is 
injective and the proposition is proved. □ 

The following is our analogue of Proposition 4.4]. 

Corollary 4.2.6. Assume £ | ^fiiN). The A-augmented Kummer map 

Al{ZiiN);YiiN))^ ^ H\¥-'/¥,H\Y,iN)^r-,Umf 

of Definition \1.3.3\ is surjective. 

Proof. Lemma 11.3.11 gives isomorphisms 

AliZ,{N);Y,{N)) ^ H^jY^{N),CA{k)) = Hl^j,^{Y,{N),CA{k)) 
zeZi{N) 

which restrict to isomorphisms of A-invariants. The claim is now immediate from 
Lemma [1.3.21 and Proposition 14.2.51 □ 

4.3. Degeneracy maps on supersingular points. Suppose M = rM' for a 
prime r. The following theorem and its proof are based on work of Ribet |19[ 
Theorem 3.15]. 

Proposition 4.3.1. Assume i \ (p{N) and £ > 2k — 2, and abbreviate 

Z{M)=Al{Zi{N,M);Yi{N,M))^ 
and similarly for M' . The sum of the degeneracy maps of 

a%, ® (i^, : Z{M) Z{M') ® Z(M') 

is surjective. 

Proof. Let Na be the norm element in the group algebra A[A]. Suppose we are 
given a A-augmented ri(iV, M') structure over F*^' 

{E,x,Q)^Ak{Vi{N,M')) 

with E supersingular, and a degree r^" endomorphism f : E ^ E preserving the 
ro(A'^M') structure underlying x. Factor the endomorphism f : E ^ E as 

£j — £jO ^ -C'l ^ • • ■ > -C'2n-1 > -CJ2n — ^ 

with each hi of degree r. Set fi — hi o ■ ■ ■ o hi : E ^ Ei and let Xi = fi{x) be the 
induced ri(A^, M') structure on Ei. For i < 2n let yi be the ri(iV, M) structure 
on Ei obtained by adding the ro(r) structure ker(/ii+i) to Xi, and for i > let y"^ 
be the Ti{N,M) structure obtained by adding the ro(r) structure ker(/i^). Define 

e,^r'^^-''^f,{e)eAA{E,). 

A simple calculation of the degeneracy maps of ^1.6\ shows that the element 

T^TE,.j,eeAAiri{N,M)) 
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defined by 

■■■ + {E2n-2,y2n-2, 02n-2) - {E2 m y2m e2„)] 

satisfies P^, (T) = and 

all'(r) = Na • (£;,x,e-r2"(i-^-)/(e)). 

It follows from Lemma [4.1.11 (with N replaced by N = NM) that T is fixed by the 
action of Gal(F^'/F), and so defines an element of Z{M). 
We pause for a 

Lemma 4.3.2. With {E,x) as above, let D denote the ro{NM') structure un- 
derlying the Ti(N, AI') structure x. The K-module Aa{E) has a set of generators 
Ae,x such that each a e Ae.x has the form a — Qa ~ 'i^Eifa)^^~''^ fai^a) for some 
Qa G AaIE) and some endomorphism fa '■ E ^ E such that fa{D) = D and 
deg(/a) is an even power of r. 

Proof. Set R = End][rai(i?. D), a level N Eichler order in a quaternion algebra ram- 
ified exactly at q and oo, and let F = R[l/r]^. Let p denote the natural action 
of R on Ah{E), extend p to an action of F (recall I \ M so that r ^ t}^ and let 
p* = p (g) det^"'" be the twist such that Z[l/r]^ C F acts trivially. All of this 
notation is exactly as in §3.2l with p replaced by r. As in the proof of Lemma [3A2l 
Ai\{E) has no submodules stable under the restriction of p* to the subgroup of 
norm one elements F^ C F. As the set 

Ae,x = {e - p*(7)e I e e Ak{e), 7 e f^} 

is stable under the action of p*(F^), it must generate Aa{E). For each 

Q~ P*{-i)Q&Ae,x, 
let / = r"7 for n large enough that r"7 e R. Then / has degree r^" and 

e - deg(/)i-V(e) = e - p*(/)e = e - p*(7)e, 

so that Ae,x has the desired properties. □ 

If we let E vary over all supersingular elliptic curves over F*^', x vary over all 
Fi(A^, M) structures on E, and Q' vary over the set Ae,x of Lemma |4.3.2[ the 
elements 

Na • (^^,a;,e') e Aa{Ti{N,M')) 
generate the submodule Z{M'). Hence, by the construction of Te,xJ,q above, there 
is a family {TJ C Z{M) such that Pfi,{T{) = for aU i and such that {a^piT,)} 
generates Z{M'). A construction similar to that of T produces a family with the 
same properties but with the roles of a and /3 reversed, completing the proof of 
Proposition 14 . 3 . l1 □ 

5. NONVANISHING OF HeEGNER CLASSES 

Keep Ex, 01, and Tap(£'i) = as in §2.1) so that K is an imaginary quadratic 
field in which the prime divisors of N are split. Ok — Z/A^Z, and Ei is an elliptic 
curve over Q**' with complex multiplication by Ok- Let D = disc(isr) and let H[p^], 

and Go be as in gOU Let / e S'2fe(Fo(A^), C), x, and tt^ also be as in gUH 
Let T be the Z-algebra generated by the Hecke operators {Tm \ {m,N) = 1} and 
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the group of diamond operators A acting on S'2fe(ri(A^), C), so that / determines 
an idempotent tt/ in the semi-simple $-algebra T 

5.1. Heegner cohomology classes. For each finite quotient A of TLi we have the 
Gal(Q''Viir)-module Wa of ([T5|) and, for each s > 0, the family of cohomology 
classes ^s{.g) of (fTTl) parametrized by g e 7^ C T. If we set Wz^ = ]^iui Wz/e^z, 
then the classes ^s{g) are compatible as A = 'Ljl'^'L varies, and define classes 

and also classes (denoted the same way) in the cohomology of Wa — (8 A 
for any Z^-algebra A. Other constructions made with A = l^jl'^l extend to any 
Z^-algebra A in the same way. We denote by 

Heeg, ci/i(Q^V^b1,W^*(^))'' 

the <i>-submodule generated by the classes ^siss) as g ranges over Ts- By a well 
known theorem of Deligne, the Hecke algebra T ®-i $ acts on W$, and the Galois 
representation W/ = iTfWg, is a two dimensional $-vector space. Set 

Heeg3(/) = TT/Heeg,. 

Theorem 5.1.1. Fix a character % : Gg — ^ and let tt^ be as in ^U.ll Suppose 
£ does not divide p, N, ip{N), disc(if), or {2k ~ 2)1 As s grows the ^-dimension of 
TT^}leegg{f) grows without bound. 

Proof. Let ri , r2 , . . . be the prime divisors of D and let denote the unique prime 
of K above r^. Let Gi C be the subgroup generated by the Frobenius classes 
of the ti, so that Gi has exponent 2, and in particular Gi C Gq. Reordering the 
ri if needed, choose n such that the Frobenius classes of ri , . . . , r„ form a basis for 
the Z/2Z- vector space Gi. Set M = n • • • r„, so that divisors of M are naturally 
in bijection with the elements of Gi. We denote this bijection by d i— (Jd- Set 
9H = ri •. . .-tfe. For each c S Gi fix once and for all an extension of a to Gal(Q^'/if ), 
and let Si denote the set of extensions so chosen. Let Sq C Gal{Q'''/^) be chosen 
so that restriction to H[p°°] takes So injectively into Gq with image equal to a set 
of representatives for the cosets Gq/Gi. Let S = {ar \ a € Si, t € So}. 

As in Sj3l let 13 be a finite set of rational primes, all inert in K and all prime 
to £pN, and fix extensions of these places to Q'*'. We will continue our practice 
of writing q £ £} to indicate that q is the prime of K above the rational prime 
q £ £}. For each q G Q define, using the notation (fTO]) . Xd ■ Zq{M) — )• Zq(l) by 
\d = d^^^ ■ {(3f o a^^) where a^^ and /3f are the degeneracy maps of ^ 31. 61 Consider 
the composition 
(38) 

(Z/«)[T]^ Z,iM)^^ 0Z,(1)^ 2,(1) 

(CT,q)e5oxQ (cr,q)e5ox£! (i|M (cr,q)e5xQ 

in which the first arrow is the map Red^o^Q of (|20p . and the final arrow rearranges 
the sum, taking the summand (cr, q, d) to the summand {ad<y, q). 

Lemma 5.1.2. The composition H38\) is surjective, and is equal to the simultaneous 
reduction map i20\) defined with M ~ 1. 
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Proof. By ^5, Lemma 4.5] the set So is chaotic in the sense of Definition l3.0.H and 
so Theorem 13.4.31 gives the surjectivity of Red^o^Q. The surjectivity of ®d\M^d is 
an easy induction using Proposition 14. 3. T] 

Fix g ^ T and let A be an eUiptic curve over Q^^ with complex multiplication by 
Og C K. If d\M, let be the unique Og-ideal of norm d and set A' = The 
main theorem of complex multiplication provides an isomorphism A' = A"^"^ such 
that the composition A ^ A' = A"''^ agrees with P i— >■ P'^'' for all torsion points 
P e A(Q''^) of order prime to d. Thus 

for any a G Gal((Q^V-f^): and the lemma follows. □ 

For each (cr, q) E S xQ and each g G Ts the cohomology class ^s{g) is unramified 
at q, and, since the residue field of H[p'^] at q is Fq, the localization of ^s{g) at q 
defines a class 

\oc,^,{g)eH\¥f/¥„W^,{k))'^. 

Summing over all ((t, q) G 5 x Q and extending linearly to the free Z^-module on 
Ts defines 

loc5,Q : Z,[r.] ^ H^Ff/F.^W^M)"^- 

(cr,q)e5x£! 

This map is compatible with the natural inclusions as s varies. Proposition 11.5.11 
gives the commutative diagram 



(39) Z 



Iocs, 



Ts] ■^®H\Ff/F„W^,ik)) 



A 



Reds, a 

where all sums are over 5 x Q, Redg^Q is the restriction of the simultaneous re- 
duction map (PO)) . with M = 1, to Zi[Ts], and the bottom horizontal arrow is the 
Z/£Z- augmented Kummer map of Definition 11.3.31 By Corollary 14.2.61 the bottom 
horizontal arrow is surjective, and by Lemma 15.1.21 the restriction of Red^^Q to 
Zi[Ts] is surjective for s ^ 0. The same argument as [TF, Lemma 2.2] gives the 
exactness of 

^ Wz,ik) 4 WzM ^ Wyaik) ^ 0, 

and taking F^'/Fq cohomology shows that the right vertical arrow is surjective with 
kernel equal to the image of multiplication by £. Applying Nakayama's lemma, we 
have proved 

Lemma 5.1.3. For s 3> the restriction 0/I0C5.Q to Ze[Ts] is surjective. 

Let R be the integer ring of $, so that Wr is an R lattice in W<i> and HfWn is 
an R lattice in Wf — nfW<s>. Let 

Reeg^^^C H\^^'/H[p%WR{k)t 
be the R submodule generated by the classes 51s (.9) for g ^ Ts, and abbreviate 

T^TTfWB.ik) C Wf{k). 
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Lemma 5.1.4. For s 3> 0, the image of the composition 

Heeg^,, ^ H\Q^'/H[p%T) ^^H\Qf/K„T) 

is i?^(Fq'/Fq, T), the suhmodule of unramified cohomology classes. 

Proof. Using Proposition II .5.11 we sec that the image of the composition hcs in the 
unramified cohomology, and is equal to the image of 

RITA ^ H\¥f/W„Wn{k)r 
s t\ea 

where arrow labeled x takes the element {xg-)a-£s to X^o-gs xi'^)^(7- The first arrow 
is surjective for s 3> by Lemma 15.1.31 the second is obviously surjective, and 
the third is surjective by the fact that Gal(Fq'/Fq) has cohomological dimension 
one. □ 

Let m denote the maximal ideal of R and set T = T (gjji R/m. li q \ £ND is a 
rational prime whose absolute Frobenius acts as complex conjugation on K(T), the 
extension of Q cut out by the Galois action on T = T^RR/m, then clearly q is inert 
in K and the Frobenius of the unique prime c\ of K above q acts trivially on T. By 
the Chebetarov theorem we may choose as large as we want and containing only 
primes of this form. For s 3> 0, Lemma 1 5 . 1 . 4 1 gives a surjection from Tr^TT/Heeg^j ^ 
to 

^H\¥f/¥„T)®R/m^H\¥f/¥„T) - 0r/(Frobq - 1)T- 0r. 

qGQ qeQ qe£3 

Thus the R/m dimension of (7r^7r/Heeg^ 3) R/m is at least #0 for s S> 0. 
Enlarging Q, the R/m dimension of (7r;^7r/Heeg^ ,,) (^r R/m grows without bound 
as s increases. 

Lemma 5.1.5. The R-torsion suhmodule of H^{Q^'^ / H\p^],T) is finite and of 
hounded order as s — >■ 00. 

Proof. The i?-torsion suhmodule of [p"], T) is isomorphic to the quotient 

of 

(40) H°{<ST'/H[p%Tm,,{^i/'^i)) 

by its maximal divisible subgroup. Let i \ pN be a rational prime which is inert 
in and let A be the prime of K above Then A splits completely in H\p°"] 
and, by Deligne's proof of the Ramanujan conjecture, FrobA — Frob^ acts on Wf{k) 
with eigenvalues of (complex) absolute value P'^"^ . Hence FrobA — 1 is invertible 
on Wf{k) = T (E)Zi Qi- A snake lemma argument then shows that the order of PU)) 
is bounded by the order of T/ (FrobA - 1)T. □ 

The i?-torsion suhmodule of TTj^-Tr/Heeg^ ^ is contained in the torsion suhmodule 
of {Q^^ / H[p'^],T), and so is finite and bounded as s 00 by Lemma FS.l.SI We 
have seen that the R/m dimension of (Tr^^Tr/Heegj^ ^) (E}r R/m increases without 
bound, and it now follows that the i?-rank of 7r^7r/Heeg^ ^ also increases without 
bound. This complete the proof of Theorem lS.l.ll □ 
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